A transformation of the linear second-order Fokker-Planck equations occurring in quantum optics is presented which overcomes difBculties connected with negative definiteness of the diffusion matrices. This transformation is based on a dynamical ordering of quantum quasiprobability distribution functions. The ordering depends on the parameters of the dynamical problem under consideration. An algorithm leading to exact solutions of the dynamically ordered Fokker-Planck equations with arbitrary initial conditions is given, and simple criteria, how to recognize squeezed light in arbitrary ordering, are presented. The problem of Fokker-Planck equations with time-dependent diffusion is also investigated. PACS number(s): 42.50. -p
I. INTRODUCTION
Quasiprobability distributions connected with the quantum oscillator phase space [1] form a powerful tool of theoretical physics [2] and are especially useful in quantum optics [3] . As known, these quasiprobabilities are closely related to the problem of the operator ordering [4] . The most famous of these quasidistributions is the Wigner function [5] , first introduced to study quantum corrections to thermodynamics. It can take on negative values and is connected with the symmetrical (Weyl) ordering rule. In quantum optics, in common use is the Glauber-Sudarshan P representation [6] . It corresponds to the normal ordering which plays an important role in quantum-optical measurements based on the absorption of photons [7] . Using [12] to the case of a much larger class of ordering called 0 ordering.
One of the most remarkable advantages of this concept is the possibility of the scalar phase space description of density operators dynamics via the Fokker-Planck type equations for quasiprobability distribution functions. Mapping [13] .
There have been several approaches in order to improve this situation. Let us mention here the concept of the generalized positive P representations [14] , the grouptheoretical approach based on the generalized SU(1,1) coherent states [15] , and the algebraic approach [16] .
In this paper we present an approach that allows us to overcome diffjLculties connected with the negativity of the difFusion matrix. In this approach we shall select the ordering of the operators in such a way that the corre- (2.1) where the function O(n, n') is called the filter function.
For the purposes of this paper we shall select the following filter [12] :
A(n, n*) = exp(pn + vn* + isn*n) . P~(n, n') = Tr(pE(n, 0)). (2.5) Using this relation we obtain the following decomposition of the density operator: Cii(P, P') = Tr(pD(P, A) j.
(2.7)
P&(P, P') = Pri(P, P'). Sometimes, it is convenient to introduce the 0-ordered characteristic functions:
We also require the symmetry conditions d~= (d )' and D~~= (D )'. (3.3) There are simple relations between the characteristic functions and the corresponding quasiprobabilities and vice versa, d2 P~(a, a") = Cii(P, P') exp(aP' -n'P), (2.8)
Quasiprobabilities corresponding to difFerent orderings
Oi and 02 are connected one to another via the following convolution &n.
where the kernel I" is given by
The corresponding relation between the characteristic functions, has the form Cii, (a, a') = Cii, (n, n') Ai (n, a') 02(n, a') . (2.12) It is also possible to derive some differential relations between various orderings [17] . The 0-ordered moments can be calculated by the integration of quasiprobabilities or by the differentiation of characteristic functions, Using this de6nition and the relations (9 d2p, , r -(nP) = exp(nP' -n'P) [19] , the linear ampli6ers and attenuators [20] , the correlated-emission laser [21] , the two-photon laser [22] , the two-photon amplifiers [23] , the two-photon correlated-emission laser [24] , and so on. In the following we treat the coeKcients A, R, G, and the diffusion matrix D as completely arbitrary parameters. However, it must be noted that due to the Quctuation-dissipation theorem there are connections between these parameters. In fact, the unitarity of the physical models requires that the diffusion matrix D is related to the drift coefBcients via the generalized Einstein relations [19] . In most cases the parameter A corresponds to an injected signal, R to the linear gain, and G is responsible for the phase sensitivity of the system under considerations [18] .
It is well known that the P representation is connected with normally ordered characteristic function via (2.13) and the corresponding conjugated expressions, we obtain the following equation for the normal characteristic function CN in the reciprocal space:
Civ(p P') =1~(p P')CN(P P') (3.6) III. GENERAL ( 3 2) 0(P, P') = ««v(, r P*+ «P'*+ (« -I)P'P) .
-(3.9) . Ln(P, P )~(P P')+Ln(P, P').
2 (3.13) , &n(P, P*) = Ln(P, P )&n(P, P*) (3.10)
In order to have a first-order equation for the Pg we require the following form of the L~operator:
Because of the relations 8 -"& (P P') =&(P, P") "G -(P, P ) = fl(P P )L~(P P )&m(p, p'), and (3.11) (3.12) Ln(P, P*) = AP* -RP* + O'P* -A*P -R'P + GP It is clear from the structure of the dynamical equations, that our procedure will work under the condition that the ordering parameters will become time-dependent coefficients. In the dynamical ordering for the time-dependent difFusion, linear algebraic equations are replaced by a set of linear nonhomogeneous differential equations. Such a set of equations can be solved using standard techniques.
In the Appendix B we give an explicit construction of the set of differential equations defining the time-dependent dynamical ordering.
IV. HAMILTONIAN DYNAMICS OF SQUEEZING
In this section we consider the time dynamics governed by the most general quadratic Hamiltonian, II = h(~ata+pa+p'at+ha +b'af ). (4.1) From the Hermiticity of this Hamiltonian it follows that u must be real but parameters p and b describing the onephoton and the two-photon interactions, respectively, can be complex. In general, all these parameters can be time dependent.
A detailed discussion of this Hamiltonian was performed by Yuen [25) The method must be, however, slightly modified. First of all we must assume from the very beginning that the parameters defining the dynamical ordering are also time dependent. This leads to the time-dependent filter function P= -(2A+ Rn+ G'n')P +,(s A' + R'n' + Gn) P, (A1) B((),()';t) =exP(P(t)() +u(t)() +2'(~(t) -1)()'p) . (81) with an arbitrary initial condition P(n, n';t = 0) Pp(n, n'). According to the method of characteristics (see, e. g. , [26] ) the above equation is equivalent to the following system of ordinary differential equations:
As a result, the relation (3.11 This set of equations can be solved analytically. The solution depends on two constants np and np, and has the structure
